Differential Equation



Introduction

A differential equation is a relationship between an independent variable, x, a
dependent variable y, and one or more derivatives of y with respect to x.

e.g. ng—i = ysinx =0
d” d
I}"dx—];‘i‘}’ﬁyﬁ'eax =10

Differential equations represent dynamic relationships, i.e. quantities that
change, and are thus frequently occurring in scientific and engineering
problems.



Introduction

The order of a differential equation is given by the highest derivative
involved in the equation.

x-— -~ yz 0 is an equation of the 1st order

-—— —y*sinx =0 is an equation of the 2nd order

3
31}3/ ygi/ +¢e* =0 is an equation of the 3rd order
2
So that g—xz + 2% + 10y = sin 2x is an equation of the Zm]d ..order.
d’y

the highest derivative involved is —=%




Formation of Differential Equation

Example 1

Consider y = Asinx | Bcosx, where A and B are two arbitrary constants.
If we differentiate, we get:

% = Acosx — Bsinx
2
and % = —Asinx — Bcosx
which is identical to the original equation, but with the sign changed.
N d?
13-5}%:—}' a’—;+y=0

This is a differential equation of the 2@@1] ... order.



Example 2
Form a differential equation from the function y = x + f:—

Wehavey:x+;=x+ﬂx"l

Yot -a2=1-4

T odx x2

From the given equation, J; =y—-—x .. A=x(y —x)

dy _ 1 _xy—x)
2

k dx X
QL Yox _x—yix 2x -y
N x B T x
- I(—j-}—rzzx—}"

dx
This is an equation of the ..... 15@ .. order.



Example 3
Form the differential equation for y = Ax* + Bx.

We have y = Ax* + Bx (1)
dy
Cdx 2Ax +B (2)
d’y 1d%
@A B) A=33e
) . dy dy
Substitute for 24 in (2): i = Xaz + B
2
gy &y
dx ~ dx?
Substituting for A and B in (1), we have:
1d%y dy d%
y=x>_ = x|t —-x—5
2dx? dx dx? A function with 1 arbitrary constant gives a 1st-order equation.

A function with 2 arbitrary constants gives a 2Znd-order equation.

2 32 2
2 dy dy L dy

2 dx2 " Tdx T dx?
dy x2 @*
y'_xﬁy_'z”axl;
2nd



Solution of Differential Equation
1. By Direct Integration

If the equation can be arranged in the form % = f(x), then the equation can

be solved by simple integration.

Example 1

%=3x2—-6x+5

Then y= J(3x2 —6x+5)dx=x>-3x24+5x+C

e y= ¥ -3 +524+C Value C cannot be determined

As always, of course, the constant of integration must be included. Here it
provides the one arbitrary constant which we always get when solving a first-
order differential equation.



Example

Find the particular solution of the equation e'gx)—’ = 4, given that y = 3 when
x =0,
First rewrite the equation in the form axz = ix = 4¢™,

Then y= J4e"‘ dx = —4e™ +C

Knowing that when x = 0, y = 3, we can evaluate C in this case, so that the
required particular solutionisy =............

y=-de*+7



Solution of Differential Equation
2. By Separating the Variable

31’ = f(x,y), the variable y on the right-

hand side prevents solving by direct integration. We therefore have to devise
some other method of solution.

If the given equation is of the form

Let us consider equations of the form 3—}; = f(x).F(y) and of the form
g.{.: - ?E;i, i.e. equations in which the right-hand side can be expressed as

products or quotients of functions of x or of y.
A few examples will show how we proceed.



Example 1

ﬁ_ 2X
dx y+1

Solve

We can rewrite this as (v + 1}% = 2X

Now integrate both sides with respect to x:

dy 4
J{y+ l}adx = Jz.tdx i.e,

j(y+ 1)dy = jzm

2
and this gives }’_f +y=x4C



Example 2

Solve @ (14+x)(1+y)

dx
1 ody
|yd.x 1+ x
Integrate both sides with respect to x:
1 dy . 1 -
J1+y dx = Jf1+x)dx S j1+ydy—J(1+x}clx

2

IN(1+) = x+%-+C

The methud dEpends on our being able to express the given equation in the

form F{yj = f(x). If this can be done, the rest is then easy, for we have

[ Ffr}ﬂ—;’ dx=[feoax - Fo)dy = [Fooax

and we then continue as in the examples.



Solution of Differential Equation
3. Homogeneous Equation — by substituting y=vx

Here is an equation:
dy x+ 3;5
dx 2x
This looks simple enough, but we find that we cannot express the RHS in the

form of ‘x-factors’ and ‘y-factors’, so we cannot solve by the method of
separating the variables.

In this case we make the substitution y = vx, where v is a function of x.
So y = vx. Differentiate with respect to x (using the product rule):

' ﬁ—v1+xﬁ—v+xd—v
Cdx dx dx
x+3y x+3vx  1+43v

Also 2 2x 2

dv_’l—|—3v

The equation now becomes v + x—
9 dx 2



dv_1+3v

'xd_x > -y
S 14+3v-2v 14w
B 2 2
Jt:chf'zl—l—v
dx 2

The given equation is now expressed in terms of v and x, and in this form we
find that we can solve by separating the variables. Here goes:

[ 2 dv=J1dx
1+v X
S 2In(l4+v)=Inx+C=Inx+1InA
(1+v)* = Ax
N LA AR
But y = vx ..v—{x} . (1+x) = Ax

which gives (x + y)* = Ax®



Example 1
2
Solve dy _x +y

dx xy

Here, all terms of the RHS are of degree 2, i.e. the equation is homogeneous.
.. We substitute y = vx (where v is a function of x)
ody dv
. a =Vv+X a
4 X4y X4 vi 1+
X

drn

y VX2 v
The equation now becomes:
dv 142

Now you can separate the variables and get the result in terms of v and x.



Because
Jvdv = Jldx

X
v
: —2- =Inx+C
All that remains now is to express v back in terms of x and y. The substitution
we used was y =vx ., v=§

2
%();') =Ilnx+4+C
y? = 2x*(Inx + C)



Solution of Differential Equation
4. Linear equation — use of integrating factor

. o dy
Consider the equation ﬁ +5p =™

This is clearly an equation of the first order, but different from those we have
dealt with so far. In fact, none of our previous methods could be used to solve
this one, so we have to find a further method of attack.

In this case, we begin by multiplying both sides by £**. This gives

lij]-" g 2
L 4 y5e™ = g2 % = ¢
dx

We now find that the LHS is, in fact, the derivative of y.&.

a i
. H; {J_,I[,m} _ iJT":l

Now, of course, the rest is easy. Integrate both sides with respect to x: et

. ‘,.'.": . ! _'.'
S pet = |[-’" dx = 5+ A . /




Example 1

d
To solve i-y:.\:

If we compare this w’ath%-i Py = (Q, we see that in this case
P=—-1and () =x.

The integrating factor is always e/ P and here P = —1.

. Ide = —x and the integrating factor is therefore ..........

B




Example 2

Solve .:III:I;—".+_:|-I':.ilf'-:l

dx
Fimwtdi?idﬂthmughhj'xtureducetheﬁnttﬂmm:sing]e:—:
dy 1
l.E.E+;.}-—f
o dy , 1
Compare with [EJ'_H’:Q] . F=;mdq=,r‘-

IF=E.[”‘ -[Pch—--El:h':In:
. IF=é"*=x . IF=x
The solution is F.IF=I{1-IF|:'I.:‘

mpx=]x1.1m=-'13dl=§+ﬂ' 1}*=§+E



Example 3

Solve di+ ycotx = CcosXx

dx
dy B . P=cotx
E*Py-q] o {-‘.’1:::1:-5,1:

]F=-==:-|HF'rjI J‘Pd_x=Jcmxdx=[E?”d1=1ns;inx
5111 X

" IF = ™5™ = sin x

sin? ¥

.

y.IF = JQ.IFdx Joovsinx = Jsinxcmxdx =

5in x
Ly = 5 + C cosec x

+C



Solution of Differential Equation
5. Bernoulli Equation

These arc equations of the form:
dy i
L4 = '
qx TV =
where, as betore, P and () are functions of x {or constants).
The trick is the same every time:
(a) Divide both sides by p". This gives:
dy
oL 4 P'I-'1 n_
y Ly = Q

(b) Now put z = y1-"

so Lhat, differentiating, g = (1 — iy




Example 1

der =x d 1
}-‘*—f+—,y"=.t
(a) Divide through by y?, giving|  9* X

(b) Now put z = y'—", i_e.int]'tisﬁ;ws-r"1=}-'_'

- dz dy
— 1 . _=_-2_
A T
(c) Multiply through the equation by (—1), to make the first term %
sdy 1 _
Lt
.:F l:l.I IF o X
dz 1 . dz
:H:-thatd—1~11=—:w1nchisullltefurma-FFz:ﬂmth:t?mlﬂnnm-ir

solve the equation by the normal integrating factor method. What do you get?

y=(Cx-2)




Check the working:
dz 1

7= —X
dx =x

IF — ef P* JPdIEJ—%dI=—1nx

S IR =g lod = ol T = -t =%

2IF = | Q.IFdx Z—=
Z_|-1dx=-x+cC
X
z=Cx—x*
1 1 ~
But z =y = e

J—x,ldx
X

Sy =(Cx—x*)""



—| Revision summary

—" 1 The order of a differential equation is given by the highest derivative
present.

An equation of order n is derived from a function containing n arbifrary
constants.

2 Solution of first-order differential equations
(a) By direct integration: % = fix)
gives y = | £ dx
(b) By separating the variables: F{y}-% = f(x)
gives [F()dy = [0 ax
(c) Homogeneous equations: Substituting y — wvx
gives v + .1:E = F(v)

dax

(d) Linear equations: % +Py=0Q
Integrating factor, IF = e P

and remember that ¢™f = F
gives yIF= IQ_[Fdx

(e) Bernoulli's equation: % + Py ="
Divide by ™ then put z = y' ™"
Reduces to type (d) above.



EXErcise

The questions are similar to the equations vou have been solving in the Programme.
They cover all the methods, but are quite stralghtforward. Do not hurry: take your
time and work carefully and you will find no difficulty with them.

Solve the following differential equations:

dy _ .2 2 dy
Elxdx ¥ 42x-3 2 (1+x)°5 1+y*
dy e dy
E 3 L+y=¢ 4 x3 -y=x
2E-E— 3 K ﬂ_ -
E 5 x iy =X sin3x 4 4 & Xcosy - siny =0
dy d
E 7 (x +.::y3}| = 2y 8 (¥ )5 +2xy =x
] d_y+ tanh x = 2sinh x 10 22y =2’ cosx
ax 7 e 7T
dy N 4 dy
Bll = =3 12 x—|+’ir ¥y




