2nd Order
Differential Equation



Many practical problems in engineering give rise to second-order differential

equations of the form
2

dy oy
ndl—i+ba+q'-- f(x)

where a, b and ¢ are constant coefficients and f(x) is a given function of x. By
the end of this Programme you will have no difficulty with equations of this

type.
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y = Ae™* + Be™*




Example

2
For the equation 2:']17}; |- 5 %1— 6y = 0, the auxiliary equation is
2m® 4+ 5m+ 6 =10, ,
i; + :-_I:;i + 2y = (), the auxiliary

In the same way, for the equation

equation is | m* + 3m +2 =0

Since the auxiliary equation is always a quadratic equation, the values of m
can be determined in the usual way.
Le.ifm* +3m+2=0

(m+1)m+2)=0 " m=-landms= -2
2 d)’

d
the solution of d_}; +3 Tt 2y = 0 1s

y=Ae™*+Be

In the same way, If the auxillary equation were m’ 4 4m 5 =0, this
factorizes Into (m+ S)(m ~ 1) = 0 giving m =1 or -§, and in this case the

solution would be )
y=Ae" +Be™ |




1 Real and different roots to the auxiliary equation

Example 1
I:'|=

V., W -
Fiﬁmlﬁj‘ ()

Auxiliary equation: m* + 5m+ 6 = 0
S me2Ym+d) =0 " m==-20rm=-3
. Solution is y=Ae ™ 4 Be ¥

Example 2
&y _dy
Ak PR

Auxiliary equation: m* = 7m+ 12 =0
im—-3)m—-—4)=0 " m=3orm=4

Eﬂl'ht‘.ﬁﬂll.lllﬂﬂlﬁl y = Ae™ 4 Beb ‘




2 Real and equal roots to the auxiliary equation

2

dy  dy
Let us take &'2‘*6&; 9y = (),

The auxiliary equation is: m?* + 6m +9 = 0
S (m43)my 3)=0 . m= -3 (twice)

If my = -3 and m; = -3 then these would give the solutiony = Ae™* | Be ™
and their two terms would combine to give y = Ce %, But every second-order
differential equation has two arbitrary constants, so there must be another
term containing a second constant. In fact, it can be shown that y = Kxe ™
also satisfies the equation, so that the complete general solution is of the form

y=Ae ™ 4 Bxe
Le. y=¢e A +Bx)

In general, if the auxiliary equation has real and equal roots, giving m = m,
twice, the solution of the differential equation is

y = e¢"*(A + Bx)



Example 1

2

4y, Y
Solve dx+4dx+4y 0

Auxiliary equation: m* 4+ 4m+ 4 =0
(m+2)(m+2)=0 ., m=-2(twice)
The solution is: y = ¢ *(A + Bx)

Here is another:

Example 2

d’y . o dy
Solve d-—x-z-+loa+25y-()

Auxiliary equation: m® + 10m + 25 = 0
(m+57 =0 . m= -5 (twice)
y = ¢ (A + Bx)



3 Complex roots to the auxiliary equation

Now let us see what we get when the roots of the auxiliary equation are complex.
Suppose m = a + ji, 1.e. my = a+j# and m; = a — j3. Then the solution

would be of the form:
y = CelotNr 4 DeloIX = ™ o3 4 DX eI
= ¢ (Ce/™ 4 De 1)
Now from our previous work on complex numbers, we know that:
e™ = cosx + jsin x
¢ = cosx —Jsinx

¢! = cos fix + fsin fix

o ot {e“"" = COS$ Ox — jsin fix



Our solution above can therefore be written:

y = ™ {C(cos fx + /sin gx) + D(cos fAx ~ fsin fix)}
w (€ + D) cos fx + j(C ~ D) sin fx)

y = " {Acos fix + Bsin fix)

where A=CHD and B=j(C-~D)

o lEm o= ok J8, the solution can be written in the form:
y - t"{Acosﬁx +lenﬁx}

Here Is an example: If m= -2 4+ /3
then y = ¢ "'{A cos 3x + lenllx}

Similarly, if m = 5 + /2 thenr-[ ym- r“[,.q,m;h-qpﬂllnll] \




d¢? d
Solve d_§;+4£+9y'0
Auxiliary equation: m?® + 4m + 9 =0

~-4+/16-36 4420 -4£2j/5

m= - —_ =3
2 2 2

In this case o = -2 and 8 = V5§

Solution Is:  y = ¢ *(A cos V5x + Bsin v5x)

= =21 V5



