


Ordinary Differential equation

• Equations which are composed of an unknown function and its 
derivatives are called differential equations. 

• Differential equations play a fundamental role in engineering because 
many physical phenomena are best formulated mathematically in 
terms of their rate of change. 



• When a function involves one dependent variable, the equation is 
called an ordinary differential equation (or ODE). A partial 
differential equation (or PDE) involves two or more independent 
variables. 

• Differential equations are also classified as to their order. 

A first order equation includes a first derivative as its highest 
derivative. 

A second order equation includes a second derivative. 

• Higher order equations can be reduced to a system of first order 
equations, by redefining a variable.



Classification of ODEs



Analytical Solutions

• Analytical Solutions to ODEs are available for linear ODEs and special 
classes of nonlinear differential equations.



Numerical Solutions

• Numerical methods are used to obtain a graph or a table of the 
unknown function. 

• Most of the Numerical methods used to solve ODEs are based directly 
(or indirectly) on the truncated Taylor series expansion.



Classification of the Numerical Methods





Discretization in solving D.E



Errors
-Total error



Local error & Global error

• Local error 

The error at the given step if it is assumed that all the previous 
results are all exact 

• Global error 

The true, or accumulated, error



Useful concept (1)



Useful concept (2)



Stability 





































Example : Euler method







Improvements of Euler’s method

• A fundamental source of error in Euler’s method is that the derivative 
at the beginning of the interval is assumed to apply across the entire 
interval. 

• Three simple modifications are available to circumvent this 
shortcoming: 

Heun’s Method 

The Midpoint (or Improved Polygon) Method 

Raltson’s Method



Heun’s Method

• One method to improve the estimate of the slope involves the 
determination of two derivatives for the interval: 

At the initial point 

At the end point 

• The two derivatives are then averaged to obtain an improved 
estimate of the slope for the entire interval.









Runge-Kutta Methods (RK)

• Runge-Kutta methods achieve the accuracy of a Taylor series 
approach without requiring the calculation of higher derivatives.



• k’s are recurrence functions. Because each k is a functional 
evaluation, this recurrence makes RK methods efficient for computer 
calculations. 

• Various types of RK methods can be devised by employing different 
number of terms in the increment function as specified by n. 

• First order RK method with n=1 is in fact Euler’s method. 

• Once n is chosen, values of a’s, p’s, and q’s are evaluated by setting 
general equation equal to terms in a Taylor series expansion.



• Values of a1 , a2 , p1 , and q11 are evaluated by setting the second 
order equation to Taylor series expansion to the second order term. 
Three equations to evaluate four unknowns constants are derived.





• Because we can choose an infinite number of values for a2 , there are 
an infinite number of second-order RK methods.  

• Every version would yield exactly the same results if the solution to 
ODE were quadratic, linear, or a constant. 

• However, they yield different results if the solution is more 
complicated (typically the case). 

• Three of the most commonly used methods are:







































Summary

• Formulas used in solving a first order ODE are used to solve systems 
of first order ODEs. 

Instead of scalar variables and functions, we have vector variables 
and vector functions. 

• High order ODEs are converted to a set of first order ODEs.
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